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Nonlocal dispersion cancellation is generalized to frequency-entangled states with large photon 
number N. We show that the same entangled states can simultaneously exhibit a factor of 1/\N 
reduction in noise below the classical shot noise limit in precise timing applications, as was previously 
suggested by Giovannetti, Lloyd and Maccone (Nature 412 (2001) 417). The quantum-mechanical 
noise reduction can be destroyed by a relatively small amount of uncompensated dispersion and 
entangled states of this kind have larger timing uncertainties than the corresponding classical states 
in that case. Similar results were obtained for correlated states, anti-correlated states, and frequency- 
entangled coherent states, which shows that these effects are a fundamental result of entanglement. 
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I. INTRODUCTION 

Two classical pulses of light propagating through two 
distant, dispersive media will experience dispersion that 
depends only on the local properties of the two media. 
It was previously shown however, that two entan- 
gled photons propagating through two dispersive media 
can experience a nonlocal cancellation of dispersion in 
the sense that the two photons will arrive at two equally- 
distant detectors at the same time despite the dispersion. 
Other forms of dispersion cancellation have also been dis- 
cussed |,|||, |,0. 

In this paper, we generalize dispersion cancellation to 
entangled states containing a large number N of photons 
in each pulse. We also show that the same entangled 
states can simultaneously exhibit a factor of 1/y/N re- 
duction in noise below the classical shot noise limit in 
precise timing applications, such as the synchronization 
of distant clocks || |t| . We describe several different ex- 
amples of entangled states with large photon number that 
can give this kind of behavior, including correlated states, 
anti-correlated states, and entangled coherent states. 

An unexpected result of our analysis is that the 1 / VN 
noise reduction in timing measurements that was previ- 
ously suggested by Giovannetti, Lloyd, and Maccone |j| 
can only occur if there is very little dispersion to begin 
with or if dispersion cancellation is used to reduce the ef- 
fective dispersion of the media. Surprisingly little disper- 
sion is required to destroy the effect described in Ref. || , 
and the timing uncertainty from entangled states of this 
kind can exceed the corresponding classical limit. As a 
result, the potential effects of dispersion must be included 
when considering non-classical noise reduction in precise 
timing applications, such as clock synchronization. The 
use of quantum resources for clock synchronization has 
also been discussed in Refs. 0, |ll], [t| [T| 
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Our main goal is to further consider the kinds of ef- 
fects that can be produced by entanglement in large 
photon-number states without regard to whether or not 
the states of interest can be readily produced using cur- 
rent experimental methods, as was the case in Ref. ||. 
In some cases, however, we note that the corresponding 
states can be experimentally produced for small values 
of N. 



II. FREQUENCY ANTI-CORRELATED 
2N-PHOTON STATE 

The situation of interest is illustrated in Figure (Q). 
Two non-classical beams of light propagate along paths 
1 and 2 through two dispersive media to two distant 
detectors. The two beams are assumed to have a suf- 
ficiently small bandwidth about a central frequency ui 
that the dispersive properties of the two media can be 
characterized by fci(oj + e) = k a + a\e + f3\e 2 and 
ki(io + e) = k a + a-it + foe 2 - Here ki(u>) and k2(to) are 
the wave vectors in the two media and a±, C(2, 0i and /?2 
are constants that represent the first few terms in a Tay- 
lor series expansion. We will consider a single transverse 
optical mode in each path, which could be approximated 
by a single-mode optical fiber or by plane waves in free 
space. Our goal is to consider the possibility of entangled 
states that can eliminate the effects of dispersion while 
simultaneously reducing the uncertainty in the difference 
of arrival times of the two pulses below the classical shot 
noise limit. 

In this section, we begin by considering entangled 
states that contain N photons in each path whose fre- 
quencies are anti-correlated. Let \N(oj))i and |iV(a;))2 
denote states with N photons of frequency u> in path 1 
or path 2, respectively (Fock states). We then consider 
[pf the state \^) given by 

/OO 
de <f>{uj + e) \N(lj + e))i \N(cj - e)) 2 (1) 
-OO 



where <j>(u>) is a spectral function centered around u> = uj . 
For N = 1, |$) can be produced by spontaneous para- 
metric down-conversion of a pump beam with frequency 
2ui , while Eq. ([!]) is a generalization to N signal pho- 
tons and N idler photons. While it is not currently 
known how to make such a state efficiently for large val- 
ues of N, the production of similar states with N = 2 
has been analyzed jL7| and demonstrated [fL8| , (See also 

By way of comparison, Giovannetti, Lloyd and Mac- 
cone 0] previously considered a state given by 
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decj)(uj + e)\N(uj + €)). 



(2) 



They showed that the mean arrival time of the N pho- 
tons at a single detector had an uncertainty that was 
below the classical shot noise limit. Equation (g) differs 
from our Eq. (1) in that it involves a single photon mode 
whereas Eq. (1) includes two modes whose frequencies 
are anti-correlated. As a result | v E')glm cannot give dis- 
persion cancellation, and the effects of dispersion were 
not included in the analysis of Ref. || . 

The state can be written using photon creation 
operators a\(u>) and a 2 (u>) as: 
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(t>{uo + e)(«!K + e)) (oJ(w - e)) |0) 
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where |0) is the vacuum state. Let the probability of 
detecting N photons at times {tx, ■ ■ ■ , tjsr} in detector 1 
and TV photons at times {t' 1: --- ,t' N } in detector 2 be 
denoted P(ti, ■ ■ ■ ,ijv ; t[, ■ ■ ■ , t' N ). The probability P is 
proportional to where the constant of proportion- 

ality depends on the detection efficiency and \A) is de- 
fined by: 

\A(h,--- ,t N ;t[,--- ,t' N ))=E{ +) {x,t 1 )---E[ +) (x,t N ) 



x E. 



(+), 



2 (x',t[)---Ei + \x',t' N )\*). 



(4) 



E[ + ' (x, t) is the positive frequency component of the elec- 
tric field operator and the distance from the source to the 
detector in path 1 is assumed to be x, and x' for path 2. 
The operators e[ + 2 (x, tj) can be expanded as 

/>oo 

E{ + 2 ) (x,t j )= dwai, 2 (w)e , '( fa - 2 ( u ' I - ui ''! (5) 
J o 

where we have neglected a slowly varying function of to 
and we have suppressed dimensional constants. Using 
the commutator [ae(uii) , a\.(<£j)] — Sik8(uJi — ujj) |^ 
and combining Eqs 

1 



and (Ey) gives: 
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de 4>{uj + e) 



x exp[i(fci(a;)x — u)ti)\ ■ ■ ■ exp[i(ki(u>)x — u>tN)] 
x exp[j(fc 2 (^') a; ' — ' ' ' exp[i(fc 2 (w')a;'— uj't' N 



(6) 
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FIG. 1: The source generates a state in which JV photons of 
frequency uj + e travel in path 1 towards detector 1, and TV 
photons (uj — e) travel in path 2 towards detector 2. The 
dispersive medium in path 1 is described by ai and /3i, and 
similarly for path 2. 



where w = uj + e and to' = uj — e. 

Including the dispersive properties of the two media, 
the amplitude A of state |^4) can be written as 



A = — J de (f>(oj + e) exp[ieN (ctix — a 2 x')] 
x exp[ie 2 iV(/3ix + fox')] exp[-ieN(t - *')]. 



(7) 



An overall phase factor has been dropped and we have 



defined the mean detection times t = XX=i tj an( i s i m_ 

ilarly<'^^Ef=i^- 

It can be seen from Eq. (Q) that the effects of dispersion 
will cancel non-locally between the two media if (3\X = 
—fox 1 , as was shown previously |jl| for the case of N = 1. 
The non-classical noise reduction inherent in Eq. (Q) can 
be best understood by comparing these results with those 
from a single-photon wave packet with the same spectral 
function 4>(u): 



de(f>(uj + e)a f |0) 



If we define g(t) as the Fourier transform of </>( w ) 



g(t) = / (/>{Lu)e- Mt duo 



(8) 



(9) 



then |<7(t)| 2 gives the intensity of the wave packet as a 
function of time at a fixed position [x = 0). A similar 
result holds for classical pulses, and the width a g of |g(t)| 2 
is equal to the uncertainty in the timing information that 
can be obtained from a single photon wave packet with 
spectral function 4>(lo). If N independent single-photon 
wave packets are transmitted, the timing uncertainty can 
be reduced to a g /y/N, which corresponds to the classical 
shot noise limit. Comparison with Eq. (Q) for the case 
in which x — x' , a\ = a%, and fo — —fo shows that, for 
the entangled state \^) 



\Mr)\ 2 = j^\9(Nt)\ 



(10) 
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Here r is defined as the difference in mean arrival times, 
t = t — t . It can be seen from Eq. ( [l0| ) that \A\ 2 has a 
width that is a factor of 1/N less than that of the cor- 
responding single-photon wave packet, which results in 
a factor of 1/ y/N reduction in the noise as compared to 
N independent single-photon wave packets. Thus our re- 
sults with dispersion cancellation are similar to those ob- 
tained from Eq. (||) by Giovannetti, Lloyd, and Maccone 
0, who did not include the effects of dispersion. The 
factor of 1 /N improvement in timing resolution is closely 
related to the 1/N improvement in spatial resolution pro- 
posed by Boto et al. for use in quantum lithography j24| . 

The above results show that nonlocal cancellation of 
dispersion and a non-classical reduction of noise can oc- 
cur simultaneously for entangled states with large photon 
numbers. The condition fax — —fax' can be achieved 
in optical fibers (25), for example, but would be diffi- 
cult to achieve under more general conditions, such as 
for the case of light beams propagating through the at- 
mosphere. As a result, it is important to consider the 
effects of uncompensated dispersion on the non-classical 
noise reduction of states of this kind. All of the neces- 
sary integrals can be evaluated analytically for the case 
in which the spectral function 4>(lu + e) is assumed to be 
Gaussian with width 



{w + e) = cxp(-e 2 /2c7?). 



(11) 



For sim plic ity, we have omitted a normalization constant 
in Eq. (|l l|) . A Gaussian may, for example, represent a 
narrow bandwidth filter of the kind that is widely used in 
down-conversion experiments. For convenience, we will 
define a 2 = (2a 2 ^)~ 1 , and obtain 

1 f°° 

A = — / de cxp{-[e 2 (a 2 _ lNB ) + ieN(}} (12) 

where we have defined B = (fax + fax') and £ = r — 
(at\X — ctix'*). (Recall r — 1 — f .) 

The integral may be evaluated by completing the 
square in the exponent, and aside from an overall phase 
factor 



A = 



1 



N'Va 2 



iNB 



: exp 



-N 2 ( 2 



(13) 



-(r-r) 2 A 2 a 2 
N\ 2 y/a% + N 2 B 2 ^ V 2(oJ + JV^ 



(A\A) = \A\ 2 = 



:exp 



where r = (otix— ot2x'). Equation ( |l4| ) is thus a Gaussian 
in r with mean r and width a T given by 



° T N 2 a 2 



\ + AalN 2 {fax + fax'f 



2a 2 N 2 



(15) 



(16) 



If the distances x and x 1 are regarded as known, then 
\A\ 2 describes a Gaussian probability distribution for the 
difference in mean arrival times. As we observed above, 
this allows dispersion cancellation [|l| for fax = — fax' , 
in which case a T — l/{\/2a^N). 

However, if the dispersion cannot be cancelled or ne- 
glected, the scaling with large N is independent of N: 



lim cr T 

N— «x> 



\2a^ [fax + fax'\ 



(17) 



One might expect to approach the classical limit for large 
photon numbers and indeed in this case the quantum 
mechanical enhancement disappears. In fact, the timing 
uncertainty associated with the entangled state |^) under 
these conditions is worse than the classical shot noise 
limit, since Eq. ( p7| ) does not include a factor of l/v^/V, 
as is the case classically. The transition point between 
these two limits occurs when 



1 = AaiN 2 



<fi transition 



(fax + fax' f 



(18) 



At the transition point, a T is v2 times the limiting value 
of Eq. ( |l7j ) , and further increases of N above A tra nsition 
have diminishing effects. For typical optical materi- 
als such as fused silica, the group delay dispersion (at 
800 nm) is 2/3 - 500 fs 2 /cm |(|. For a 5 nm bandwidth 
(one sigma) centered at 800 nm, o$ ~ 3.7 x 10 11 rad/sec. 
A 1 cm thickness of fused silica in both paths would pro- 
duce enough dispersion such that A^ransition ~ 7.3 x 10 3 . 
Choosing a more modest -^transition = 100, the dispersion 
of 146 cm of fused silica in both paths is required. Sim- 
ilar remarks apply to the state vector of Eq. (||), which 
does not allow dispersion cancellation. 

Non-classical noise reduction of this kind has been pro- 
posed H for the synchronization of clocks on orbiting 
satellites. But in applications of that kind, the atmo- 
spheric dispersion cannot in general be cancelled or ne- 
glected with the exception of satellite-to-satellite links 
that do not pass through the atmosphere. We can es- 
timate the dispersion of air using empirical relations for 
the index of refraction. Since fc a i r (w) = — n^iio) we have 



i cPfcH 

f 2 duj 2 



1 d 2 , , „ 

(19) 



The widely-used u a ir formula of Edlcn |27| yields /3 a ir = 
0.106 fs 2 /cm at 800 nm for standard dry air at 15°C. 
Including 20% relative humidity using the more accurate 
formula of Owens [p8| for n a ; r gives fa\ v = 0.103 fs 2 /cm 
at 800 nm. Thus ~24 m of air has dispersion equivalent 
to 1 cm of fused silica, and long air path lengths would 
significantly limit the non-classical noise reduction sug- 
gested in Ref. [^). 

For a pair of classical Gaussian pulses, it was previously 
shown |lj that 



| 5 (r)| 2 =exp(-(r-r ) 2 /24) 



(20) 
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FIG. 2: A comparison of the classical (dashed line) and quan- 
tum (solid line) timing uncertainties. The widths <tq and ere 
have been multiplied by the spectral bandwidth a$ to give a 
dimensionless parameter p. Note that for a fixed dispersion, 
(in this case 4 m of fused silica or 10 km of air) the quan- 
tum mechanical expression rapidly approaches its asymptote, 
while the corresponding classical width decreases as 1/VlV 
from classical averaging. 

where r G = 0:2X2 — aix%, and the width, in the notation 
used here, is 

2 2al + {Plx\+ I3lxl) 

°T = — 2 • ( 21 ) 

a 4> 

There is no possibility of dispersion cancellation in the 
classical case since Eq. ( f2l[) contains the sum of squares of 
the P coefficients. In the limit of large dispersion, it can 
be seen that Eq. (|l|) is equivalent to the limiting case 
of Eq. (|Tfl) , except that the overall timing uncertainty 
in Eq. [ UW can be reduced by the square root of the 
number of photons in each path by classical averaging. 
This gives the classical timing uncertainty <jq = <tt/ V~N- 
In the quantum case, Eqs. ( fl6| ) and dl7| ) already represent 
the distribution of the average detection time, giving the 
quantum timing uncertainty ctq = a T . The quantum and 
classical expressions are plotted as a function of N in Fig. 
H for a dispersive path of 4 m of fused silica (or 10 km 
of air), and a bandwidth = 3.7 x 10 11 Hz centered 
at 800 nm. We plot ct^ctq, which is dimensionless, and 
similarly o^ctq for the classical expression. 

When the photon number or the dispersion is large, the 
quantum mechanical timing uncertainty is larger than 
the corresponding classical case, as shown in Fig. a, where 
the ratio ctq/ ctq is plotted as a function of photon number 
N and distance x (cm) in fused silica. To highlight the 
region where the quantum timing uncertainty is larger 
than the classical timing uncertainty, the plot has been 
clipped at unity and the clipped region rendered black. 

III. THICK DETECTORS 

In the previous section, we considered the distance 
from the source to the detectors as fixed and found that 
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FIG. 3: A surface plot of the ratio R of the quantum me- 
chanical width to the classical width, (tq/ctc, as a function 
of N and propagation distance x (cm) through a dispersive 
medium with j3 = 250 fs 2 /cm (fused silica) and a bandwidth 
(70 = 3.7 x 10 11 Hz. The quantum mechanical timing uncer- 
tainty is larger than the corresponding classical case in the 
black region in the upper right hand corner. 



the spread in arrival times had a narrow distribution. 
What if the roles of x and t are interchanged at the de- 
tector? Here we consider a gedanken experiment in which 
the detectors are thick in the x-direction, and can be ac- 
tivated (gated on) for a narrow time interval St. During 
the time that it is gated on, the photons travelling in- 
side a detector have some probability of being detected 
at positions that are registered. Such a detector might 
resemble a photographic emulsion that is activated by 
an ultrashort laser pulse, as depicted in Fig. |[ We now 
calculate the distribution of the detected positions. 

Considering the same entangled state | , F) as before in 
Eqs. (|l|) and (g), we now consider the detection time in 
each arm fixed and ask what are the positions of the 
photons at the time of detection. Here we construct A = 
A( Xl ■ ■ ■ xjv; x'i ■ ■ ■ x' N ; t, t' , St), where \A\ 2 is proportional 
to the probability of detecting TV photons at positions 
xi , ■ ■ ■ , xn at detector 1 in time interval (ti , t\ +St) and 
N photons at positions x[ , ■ ■ ■ , x' N at detector 2 in time 
interval (to, , ti + St) . 

\A)= dt dt'E[ + \x 1 ,t)---E[ + \x N ,t) 

Jtx Jt 2 

xEi + \x[,t')---Ei + \x' N ,t')\*) 

(22) 

Making use of the expansion of the field operators in Eq. 
(P) and the commutator as before gives the probability 
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FIG. 4: A thick, position-sensitive detector is assumed to be gated on for a narrow time interval 5t by a laser pulse. The positions 
of the detected photons, which are {xi ■ ■ ■ xn} for one side and {x[ ■ ■ ■ x' N } for the other, are recorded by the detectors. 



amplitude A: 

A = Jdt Jdt' J de<p(u + e) 

x exp[i (k(uj)xi — uit)] ■ ■ ■ exp[i (k(ui)xN — Lot)] 
x exp[i (k(tj')xi — w't')] ■ ■ ■ exp[i (k(u')x' N — oj't')] 

(23) 

where again u> = uj + e and u' = lu — e. We define 

x = (l/AOEjliSj and similarly x' = (1/JV) EjLi "y- 
Including the dispersive properties of the media gives: 

1 



A = J dt Jdt' Jde 4>(uj + e) 

x exp ieN{a\X — a^cc') exp ie 2 N((3{x + fax') 
x exp(-iuj N(t + t')) exp(-ieN(t ~ if)) 



(24) 



where an overall phase factor has been omitted. This can 
be rearranged to give 



1 



A = w.< 



ti+St r t 2 +St 



dt' exp[-ico N(t + t')] 

x / de 4>(u} + e) exp[ieiV((a 1 x — t) — {a^x — if))] 
x exp[ie 2 N((3ix + fox')]. 

(25) 

Note that the quantity (aix — t) corresponds to the group 
delay along path 1, and a similar factor appears for path 
2. 

In the limit 8t -c 1/(Nuj ), the time integrations be- 
come trivial and the factor exp(— iuj a N(t + t')) reduces 
to a constant phase shift. We define t = t — t' and 
t = aix — a2x' . Then Eq. (123) is proportional to: 



i=i lde^(io + e)e- ieN( - T - T ^e le2Ni ^ + ^'\ (26) 



Assuming a Gaussian for 4>{uj + e) as in Eq. (|llj), we can 
complete the square in the exponent to obtain 
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exp 



N 2 (t 



4(a| - zNB) 



(27) 



\A\ 2 = 



N Z B Z 



: exp 



(T-r fN 2 al 
2(a% + N 2 B 2 ) 



(28) 



This has the same features as Eq. ([L4|) and corresponds 
to a Gaussian in the variable t =t — t' with mean r Q = 
o>ix — ol-ix! . The width is the same as in Eq. (|l5| ) and 

©• ITK 

Equation fl28|) shows that a gated detector can exhibit 

dispersion cancellation and nonlocal noise reduction in- 
volving the average position of detection that is analo- 
gous to the average detection times from a more con- 
ventional detector. If ot\ = «2, then the mean positions 
will be very nearly equal if t\ = t^. If the clocks are 
known to be synchronized, then any difference between 
the distances to the two detectors can be found. Simi- 
larly, if the distances to the detectors are known, then 
the synchronization of the clocks could be checked. 



IV. CORRELATED 2N-PHOTON STATE 

The entangled state |<3>) of Eqs. (|l|) and (||) corre- 
sponds to two beams of light with anti-correlated fre- 
quencies, as is produced by parametric down-conversion 
for the case of N = 1. In this section, we investigate the 
question of whether or not nonlocal cancellation of dis- 
persion and non-classical noise reduction can occur for an 
entangled state with correlated frequencies instead, such 
as the state |\&') given by 

|*') = / de4>(w + e) \N(u + e))i \N(u a + e)) 2 (29) 



Newly proposed techniques for source engineering |29j , 
|30| , may be able to produce the state at least for 
small values of N. States with spectral correlation and 
anti-correlation were theoretically studied (for the case 
N = 1) by Campos et al. |§. 

As above, the probability of detecting N photons at 
times {tj., • • ■ , an d positions {x\, • • • , x^} in detec- 
tor 1 and N photons at times {t^, • • • , t' N } and positions 
• • • ,2;^} in detector 2 is proportional to an ampli- 
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tude \A'\ given by 



A' = — J de<j>(u + e) 

x exp[i {k{uj)x\ — Loti)] ■ ■ ■ exp[i (k(ui)xN — ojt^)] 
x exp[z (k(u! , )x' 1 — u't'j)] ■ ■ ■ exp[i (k(co')x' N — u>'t' N )] 

(30) 

where here, u> = u>' = lu + e. Including the effects of 
a dispersive medium in paths 1 and 2 and collecting the 
terms gives: 

A' = —— [i de <b(uj + e) expfieiV (a{x + ct2x']\ 

NlJ (31) 

x exp[ie 2 N(Pix + (3 2 x')} exp[-ieiV(i + t')] 

As before, we assume that 4>(lo + e) is a Gaussian, and 
for convenience, we define B = (flix + fox') and £ = 
(t — a\x + t — a2~x'). Then Eq. (|3l|) becomes: 



1 

m 



A' = ^ I deexp(-[e 2 {al-iNB)+ieN£}). (32) 



This integral can be evaluated to give 

N 2 e 



A' 1 V 71 " 

A = — — exp 



NlVaJ^iNB \ 4(a 2 -iNB)^ 



(33) 



L4 



'|2 



A! 2 Val + A^B 1 



: exp 



(r'-r') 2 N 2 a 2 



(34) 



In going from Eq. (|33j) to Eq. ( |34| ) we have considered 
the distances in each arm to be fixed, so that and 
x' — + a;' . Then we let r' = i + 7 , and then £ = r' — r' 
where f' — (a\x + aix'). Clearly Eq. ( |34] ) is a Gaussian 
distribution in r' with mean r' and variance 



N 2 B 2 



N^a 2 



l + 4a4jV 2 (/3 l2 ; + /3 2 x') 
2a 2 A 2 



A2 



(35) 



(36) 



Equation ( |36"| ) is identical in form to Eqs. ( |l5| ) and 
( |l6| ) which shows that dispersion cancellation can occur 
equally well for entangled states with either correlated 
or anti-correlated frequencies when {3\x = —fi%x'. This is 
due to the fact that the dispersive effects are proportional 
to e 2 , which is the same for correlated or anti-correlated 
frequencies. However, the group velocity terms depend 
on e itself, with the result that t' involves the sum of 
the detection times rather than the difference. Thus the 
detection times are highly anti-correlated when the fre- 
quencies are correlated, whereas the detection times are 



correlated in the more usual case where the frequencies 
are anti-correlated. This result has different implications 
for clock synchronization than before because it is the 
sum of the mean arrival times at the two detectors which 
has a narrow spread. 

In the case where dispersive effects can be neither can- 
celled nor neglected, Eq. ( |36| ) has a limiting value for 
large N given by av — * \[2a^\fi\x + fiix'\ as before. 



V. ENTANGLED COHERENT STATES 

We have considered so far only Fock states with def- 
inite photon number. In this section it is shown that 
similar results can be achieved for frequency-entangled 
coherent states. The generation and propagation of en- 
tangled coherent states has attracted some recent interest 

1111 nn. 

A coherent state of frequency u> is defined as: 



71™ 

kc)=exp(-M 2 /2)]T^=|nH) 

n— v 



(37) 



where v is an arbitrary complex parameter 1 37 . This can 
be expanded using creation operators as 



7) 

,)=cxp(-M 2 /2)£-(atH)"|0) 



A coherent state has the property jl6| that 

a(u)i)\v,ujj) = v \v,ujj) 5ij 



(38) 



(39) 



which we will make use of below. It follows from Eq. 
([59|) that the mean number of photons in the state is 



[v\n\v) — (v\a^a\v) = \v\ 2 . 



The original entangled state of Eq. ([!]) can be general- 
ized to 



l^coh) = / de(j>(uJo + e) \v, (w + e))i \u, (w D - e))s 



(40) 



where \v\ need not equal \u\. As before, is pro- 

portional to the probability of detecting N photons at 
times {ii •••ijv} in detector 1 and N photons at times 
{t'i ■ ■ ■ t' N } in detector 2, where now 

\A(t u --- ,t' N )) =E[ + \x,t 1 )---E[ + \x,t N ) 

(41) 

Inserting the expansion of the electric field operator from 
Eq. (p|) and making use of Eq. (p9|) we have: 
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\A) — j de(j)(LU + e) v exp[i(/ci(w + e)x— (lu + e)<i)] ■ ■ ■ v exp[i(fci(w + e)x— (a> + e)tjv)] 

XMexp[i(fc 2 (o; — e)a/— (cj — e)^)] • • • m exp[«(fc 2 (w — e)x'— (ui — e)t' N )] 
x\v, (u> + e))i |u, (w G - e)) 2 

In computing there arise inner products of the form uii\v, ojj), but it can be shown |p8[ that 

(w'jWilu,^) = exp[-|v' - v\ 2 /2]e-xp[(v*v' - vv'*)/2]dij. 
Again, defining t — (l/N) Y^jLi tj an d similarly for f , we have: 



\A\ 2 = \v\ 2N \u\ 2N 



decj)(uJo + e) exp[ieA(anz; - a 2 x) + ie 2 N(f3ix + fox') - ieN(t - 1 )] 



(42) 



(43) 



(44) 



where we have used the dispersive properties of the me- 
dia. 

Equation (^J) has the same form as Eq.(^) and gives 
the same results as does the original entangled Fock state 
of Eq. ([!]), aside from the overall magnitude of the de- 
tection probabilities. The distribution of arrival times is 
given by Eqs. ( fl4| ) through ([l6]). As a result, dispersion 
cancellation and non-classical noise reduction can occur 
just as well for the entangled coherent states of Eq. ( f4(i| ) 
as for entangled Fock states, which seems somewhat sur- 
prising. Equally surprising is the fact that the dispersion 
cancellation and noise reduction are independent of the 
relative magnitudes of |u| and \v\, provided that equal 
numbers of photons are detected in both detectors, as 
was assumed above. These results are a direct conse- 
quence of the fact that coherent states are eigenstates of 
the annihilation operation, as indicated in Eq. (|39|). 

VI. SUMMARY 

We have generalized nonlocal cancellation of dispersion 
to entangled states containing large numbers of photons. 
The same entangled states were also shown to exhibit a 
factor of 1/ VA reduction in noise below the classical shot 
noise limit for timing applications such as clock synchro- 
nization g |, [H], [□], ^ f0| Q. Similar results were 
obtained for several different types of entangled states, 
including anti-correlated states, correlated states, and 
entangled coherent states. The fact that effects of this 
kind can occur for entangled coherent states shows that 
these non-classical correlations are a fundamental result 
of entanglement and are not limited to number states. 

Our results also show that relatively small amounts of 
dispersion can essentially eliminate the factor of l/y/W 
reduction in noise for timing applications that was pro- 



posed by Giovannetti, Lloyd, and Maccone |J. This 
could have a major impact on practical applications of 
these techniques for clock synchronization whenever the 
photons must pass through a dispersive medium, such 
as the Earth's atmosphere. Dispersion cancellation can, 
in principle, be used to restore the 1/VA noise reduc- 
tion, but the effects described here require that the co- 
efficient of dispersion have the opposite sign in the two 
media. This may be the case in some potential applica- 
tions, such as clock synchronization using optical fibers, 
where the frequencies of the two photons could be chosen 
to be on opposite sides of the point of minimum disper- 
sion in the fiber [ p5[ . There is no obvious way to satisfy 
this condition in air, however, which may limit the use 
of these techniques to satellite-to-satellite links that do 
not pass through the Earth's atmosphere. Other forms 
of dispersion cancellation j2| |^, are not subject to this 
requirement and may be more useful for free-space clock 
synchronization, although they are more restricted with 
regard to the optical paths of the photons and in other 
respects. 

Regardless of any potential practical applications, 
these results show that there is a close connection be- 
tween non-classical noise reduction and nonlocal cancel- 
lation of dispersion, which we have generalized to states 
containing large numbers of photons. 
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